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Abstract

We give an overview over smooth backfitting type estimators in additive models. Moreover we il-
lustrate their wide applicability in models closely related to additive models such as nonparametric
regression with dependent error variables where the errors can be transformed to white noise by
a linear transformation, nonparametric regression with repeatedly measured data, nonparametric
panels with fixed effects, simultaneous nonparametric equation models, and non- and semiparamet-
ric autoregression and GARCH-models. We also discuss extensions to varying coefficient models,

additive models with missing observations, and the case of nonstationary covariates.
Keywords: smooth backfitting, additive models

JEL classification: C14, C30

1 Introduction

In this chapter we continue the discussion of the last chapter on additive models. We come back to the
smooth backfitting approach that was already mentioned there. The basic idea of the smooth backfitting
is to replace the least squares criterion by a smoothed version. We now explain its definition in an
additive model

E(Y|X) =p+ fi(X") +- + fa(X9. (1.1)

We assume that n i.i.d. copies (X},..., X2, Y;) of (X!,...,X?Y) are observed, or more generally, n

stationary copies. Below, in Section 4, we will also weaken the stationarity assumption.
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In an additive model (1.1) the smooth backfitting estimators i, fl, ey fd are defined as the minimizers

of the smoothed least squares criterion

/izn;m”fl(xl)“'fd(wd)]zK(Xilh_lxl) X"'xK<XZdh_dxd) dz'--- dz?  (1.2)

under the constraint

/ e Py (2t )dat = - = / Jalepxa(a?)dat = 0. (13)

Here K is a kernel function, i.e. a positive probability density function and hq, ..., hg are bandwidths.

Furthermore, px; is the kernel density estimator of the density pys of X7 defined by

Prs(a)) = —— S K (Xf xj).

nh; ~ h;
Below, we will outline that the smooth backfitting estimator can be calculated by an iterative backfitting
algorithm. While the estimator got its name from the corresponding algorithm, it could, however, better
be described as smooth least squares estimator highlighting its statistical motivation.
If there is only one additive component, i.e. if we have d = 1, we get a kernel estimator fl(:z:l) =

i+ ﬁ(ml) as the minimizer of

fi “’"/; [Y;—f1(x1)]2K()(iiL_1:B> dat. (1.4)

The minimizer of this criterion is given as
-1
- X} —at - X} —at
K(——— VK| ——].
()] S (M)

Thus, ]71(:51) is just the classical Nadaraya-Watson estimator. We get the smooth backfitting estimator

hh) =

as a natural generalization of Nadaraya-Watson smoothing to additive models.

In this chapter we present a broad discussion of estimators based on minimizing a smoothed least
squares criterion. We do this for two reasons. First, we argue that, even for additive models, this method
is a powerful alternative to the two-step procedures that were extensively discussed in the last chapter
and in the Chapter ” Oracly efficient two-step estimation for additive regression”. Furthermore, smooth
least squares estimators also work in models that are closely related to the additive model but are not of
the form that is directly suitable for two-step estimation. We illustrate this with an example. Suppose
that one observes (X;,Y;) with Y; = f(X;) + &; where ¢; is a random walk, i.e. n; = ;41 — &; are zero
mean i.i.d. variables that are independent of X3, ..., X,,. In this model the Nadaraya-Watson estimator
(1.4) is not consistent. Consistent estimators can be based on considering Z; = Y;11 — Y;. For this

variables we get the regression model

Zi = f(Xiy1) — f(Xo) + i

The smooth least squares estimator in this model is based on the minimization of
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Clearly, an alternative approach would be to calculate estimators fl and fg in the model Z; = f1(X;41)+
f2(X;) + n; and to use fl(x) — ‘]?2(1‘) as an estimator of f. We will come back to related models below.

The additive model is important for two reasons:

(i) It is the simplest nonparametric regression model with several nonparametric components. The
theoretical analysis is quite simple because the nonparametric components enter linearly into the
model. Furthermore, the mathematical analysis can build on localization arguments from classical
smoothing theory. The simple structure allows for completely understanding of how the presence
of additional terms influences estimation of each one of the nonparametric curves. This question
is related to semiparametric efficiency in models with a parametric component and nonparametric

nuissance components. We will come back to a short discussion of nonparametric efficiency below.

(ii) The additive model is also important for practical reasons. It efficiently avoids the curse of di-
mensionality of a full-dimensional nonparametric estimator. Nevertheless, it is a powerful and
flexible model for high-dimensional data. Higher-dimensional structures can be well approximated
by additive functions. As lower-dimensional curves they are also easier to visualize and hence to

interpret than a higher-dimensional function.

Early references that highlight the advantages of additive modelling are [54], [55], [2] and [21]. In this
chapter we concentrate on the discussion of smooth backfitting estimators for such additive structures.
For a discussion of two-step estimators we refer to the last chapter and the chapter on two-step estimation.
For sieve estimators in additive models, see [6] and the references therein. For the discussion of penalized
splines we refer to [11].

In this chapter we only discuss estimation of nonparametric components. Estimation of parametric
components such as 0 = 0(f1) = [ fi(z1)w(z1) daq for some given function w requires another type
of analysis. In the latter estimation problem natural questions are e.g. whether the plug-in estimator
0= G(fl) = fﬁ(:ﬂl)w(xl) dx for a nonparametric estimator ]?1 of f1 converges to 6 at a parametric
/n-rate, and whether this estimator achieves the semiparametric efficiency bound. Similar questions
arise in related semiparametric models. An example is the partially linear additive model: Y; = 7 Z¢ +
pA fi(X5) 4+ fa(X5) + €' Here, Z is an additional covariate vector. A semiparametric estimation
problem arises when u, f1, ..., fq are nuisance components and 6 is the only parameter of interest.
Then naturally the same questions as above arise when estimating 6. As said, such semiparametric
considerations will not be in the focus of this chapter. For a detailed discussion of the specific example
we refer to [52] and [58].

In this chapter, we concentrate on the description of estimation procedures. Smooth backfitting has
been also used in testing problems by [19], [20] and [36]. For related tests based on kernel smoothing,
see also the overview article [15]. In [36] additive models are used to approximate the distribution of
spatial Markov random fields. The conditional expectation of the outcome of the random field at a point,

given the outcomes in the neighborhood of the point, are modeled as sum of functions of the neighbored



outcomes. They propose tests for testing this additive structure. They also discuss the behavior of
smooth backfitting if the additive model is not correct. Their findings are also interesting for other
applications where the additive model is not valid but can be used as a powerful approximation.

Another approach that will not be pursued here is parametrically guided nonparametrics. The idea
is to fit a parametric model in a first step and then apply nonparametric smoothing in a second step, see
[16] for a description of the general idea. The original idea was suggested by [22] in density estimation.
See also [50] for a similar idea.

The next section discusses the smooth backfitting estimator in additive models. In Section 3 we
discuss some models that are related to additive models. The examples include nonparametric regression
with dependent error variables where the errors can be transformed to white noise by a linear trans-
formation, nonparametric regression with repeatedly measured data, nonparametric panels with fixed
effects, simultaneous nonparametric equation models, and non- and semiparametric autoregression and
GARCH-models. Other extensions that we will shortly mention are varying coefficient models and ad-
ditive models with missing observations. In Section 4 we discuss the case of nonstationary covariates.
Throughout the chapter we will see that many of the discussed models can be put in a form of noisy
Fredholm integral equation of second kind. We come back to this representation in the last section. We
show that this representation can be used as an alternative starting point for the calculation and also

for an asymptotic understanding of smooth least squares estimators.

2 Smooth least squares estimator in additive models

2.1 The backfitting algorithm.

In the additive model (1.1) the smooth backfitting estimator can be calculated by an iterative algorithm.

To see this, fix a value of 2! and define /iy = fi + f1(2'). One can easily see that 7i; minimizes
- ‘Xvi1 — ml 2 dr12
moe o [ YK (SR ) Vi = fal?) + o+ fa(a?)] (2.1)
i=1 hy

2 _ .2 d_ .d
x K M X X K u df,CQ"'dxd.
hg hd

This holds because we have no constraint on the function ' ~ i + fl(xl) Thus we can minimize the
criterion pointwise in this function and we do not integrate over the argument x! in (2.1). Thus, we get
-1

n d j ;
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n d j—xj
X /Z[Yi—f2(m2)—"'—fd(a:d)] HK(Xihj ) da? .. da?.
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The expression on the right hand side of this equation can be simplified by noting that | hin (X h;xj ) drd =
lfore=1,...,n;5=1,...,d. We get

~ ~ N p 1 " a ) N :
i =p+ fi(2t) Z/ XX fr(2®) da*. (2.2)
pxi(z
Here, for 1 < j <d
. —1 . .
Sl "o (x] - o (X] - _ - '
fen = [Sor (M| sw (M v mee S (K
i J i=1 J =1
This is the marginal Nadaraya-Watson estimator, based on smoothing the response Y; versus one covariate

Xij . Furthermore, py; x« is the two-dimensional kernel density estimator of the joint density py; x» of

two covariates X7 and X*: for 1 <j#k<d

. p— Xk — gk
pxa’Xk(l‘ zk nh thK< )K( I )

Similarly to Eq. (2.2) we get for all j =1, ...,d that

fila?) = f; (a?) Z/px] (o )fk(xk) da*. (2.3)

One can show that

A proof of this equation is postponed to the end of this subsection.
We are now in the position to define the smooth backfitting algorithm. Our main ingredients are Eq.
(2.3) and the formula for fi. After an initialization step the backfitting algorithm proceeds in cycles of d

steps:
e Initialization step: Put =1 Y""  Y; and EO] (x7)=0for j=1,...,d.
e [th iteration cycle:

— jth step of the [th iteration cycle: in step j of the Ith iteration cycle one updates the

estimator fj of the jth additive component f;
iy = Z / Pxs,xe )f}j] («*) da (2.5)
pxi(x
_ Z /pX7Xk )A[l 1]( k) dak.
k= +1 Pxi(z
We now discuss some computational aspects of the smooth backfitting algorithm. One can show that

there exist constants C' > 0 and 0 < v < 1 that do not depend on n such that with probability tending

to one

/[f}” (@) — J;(a9)Ppxs (29) dad < O, (2.6)



For a detailed statement, see Theorem 1 in [37] where a proof of (2.6) can be also found. The essential
argument of the proof is that the approximation error Z?:ﬂf}l] (z7) — f;(27)] behaves like a function
that is cyclically and iteratively projected onto d linear subspaces of a function space. Each cycle of
projections reduces the norm of this function by a factor «y, for some fixed v < 1, with probability tending
to one.

The bound (2.6) allows for two important conclusions.

(i) For a fixed accuracy, the number of iterations of the algorithm can be chosen as constant in n: in

particular, it does not need to increase with n.

(ii) Furthermore, for an accuracy of order n~¢ it suffices that the number of iterations increases with
a logarithmic order. This implies, in particular, that the complexity of the algorithm does not
explode but increases only slowly in n. For example, assume that an accuracy of order n~% with
a > 2/5 is required. We will see in the next subsection that for an optimal choice of bandwidth
the rate of f](x]) — f;(27) is of order O,(n=%/%). Then a choice of a with o > 2/5 guarantees that

the numerical error is of smaller order than the statistical error.

When numerically implementing smooth backfitting, estimators El] (27) are only calculated on a finite
grid of points and integrals in (2.6) are replaced by discrete approximations. Suppose that the number
of grid points is of order n? for some § > 0. Then in the initialization step we have to calculate n??
two-dimensional kernel density estimators. This results in O(n'*2#) calculations. Let us briefly discuss
this for the case where all functions f;(z7) have bounded support and all bandwidths are chosen so that
fj(:cﬂ) — fi(27) is of order O,(n~2/%). Tt can be shown that one has to choose 8 > 4/19 to obtain a
numerical error of smaller order than the statistical error. Then the computational complexity of the
algorithm is of order O(nlog(n) + n'*?%) = O(n'*%%) = O(n(¥7/19+2%) with § = B — . This amount
of calculations can still be carried out even for large values of n in reasonable time.

Proof of (2.4): To get Eq. (2.4) we multiply both sides of equation (2.3) with px; (27) and integrate

both sides of the resulting equation over z7. Because of the norming (1.3) this yields:
0 = [ B ) o
/f () pxs (x7) da? —ﬁ/pxj(xJ ) dx? — Z/pxg xr(ad,x )fk( Y dx® da?

k#j

/nh ZK( >Yd$ — - Z/ka Fu(a®) da*

k#j
1 ~
= 725/;_/17
n <
1=1

where we use the facts that [ -K (th—.acﬂ) ded =1 and that [Py, x«(27,2%) da? = pxr(2¥). This
J J

completes the proof.



2.2 Asymptotics of the smooth backfitting estimator
Under appropriate conditions, the following result holds for the asymptotic distribution of each compo-
nent function fj(xj), j=1,...,d

V/nh; (J?j(xj) = fila?) — 5j($j)) LN (0,/K2(u) du sz(x”) . (2.7)

pxi(27)

Here the asymptotic bias terms 3; (27) are defined as minimizers of

(Br-. . Ba) ~ / B@) - Bulat) — - — Bala®)Ppx (z) da

under the constraint that

[ @t = 302 [t @) + £ @po el ded [ @K@, (29

where py is the joint density of X = (X*,..., X?) and

Zh2 201 P @) 4 1) [ R

In [37] and [40] this asymptotic statement has been proved for the case that f; is estimated on a compact
interval I;. The conditions include a boundary modification of the kernel. Specifically, the convolution
kernel h; 'K (h; ' (X] — 27)) is replaced by K, (X{,a7) = hy'K(h;'(X] — 27))/ Jih; YK (b (X -
u’)) du’. Then it holds that fI K, ( Xj ,27) dz7 = 1. In particular, this implies ij pXJ’Xk(xJ,xk)dxj =
pxr(z¥) and f] Px, (27)dx? = 1 if one replaces h; ' K (h; Y(X] —27)) by Ky, (X],27) in the definitions of
the kernel density estimators. In fact, we have already made excessively use of these properties of kernel
density estimators in the previous subsection.

Before illustrating how the asymptotic result (2.7) is obtained, we discuss its interpretations. In
particular, it is illustrative to compare fj with the Nadaraya-Watson estimator fj in the classical non-

parametric regression model Y; = f;(X7) + ;. Under standard smoothness assumptions it holds that

o , , o2(x)
M(fj(mﬁ) — fi(a”) —ﬁj(mﬁ)) N (0,/K2(u) du i ))> (2.9)

pxi (@7

9 logpx (z7)
.7

with the asymptotic bias 7 (27) = %h? [2]"”( 7) + f (27) ] J u?K(u) du. We see that E(IJ)
has the same asymptotic variance as fj (27) but that the two estimators differ in their asymptotic bias.
Thus, as long as one only considers the asymptotic variance, one has not to pay any price for not knowing
the other additive components fi (k # j). One gets the same asymptotic variance in the additive model
as in the simplified model Y; = fJ(Xf) + &; where all other additive components f (k # j) are set
equal to 0. As said, the bias terms differ. The asymptotic bias of f;(aﬁ] ) may be larger or smaller than
that of fj(xj ). This depends on the local characteristics of the function f; at the point z7 and also
on the global shape of the other functions fx (k # j). It is a disadvantage of the Nadaraya-Watson

smooth backfitting estimator. There may be structures in f](ac] ) that are caused by other functions.



We will argue below that this is not the case for the local linear smooth backfitting estimator. For
the local linear smooth backfitting estimator one gets the same asymptotic bias and variance as for the
local linear estimator in the classical model Y; = fj(Xij ) + &;. In particular, both estimators have the
same asymptotic normal distribution. In the last chapter this was called oracle efficiency. This notion
of efficiency is appropriate for nonparametric models. Typically in nonparametric models there exists
no asymptotically optimal estimator, in contrast to parametric models and to the case of estimating the
parametric parts of semiparametric models.

We now come to a heuristic explanation of the asymptotic result (2.7). For a detailed proof we refer
to [37] and [40]. The main argument is based on a decomposition of the estimator into a mean part and
a variance part. For this purpose one applies smooth backfitting to the “data” (X1,..., X9, fi(X1) +
~ f(XD) and to (X1,..., X% ¢). We will argue below that fj(xj) is the sum of these two estimators.

Justification of (2.7): We start with a heuristic derivation of the asymptotic bias and variance of the
smooth backfitting estimator ]/";(arf ). For this purpose note first that the smooth backfitting estimators

1, fl, e fd are the minimizers of
s frvees ) = [0 == ) =+ = e Ppx (o) do (2.10)

under the constraint (1.3), where px is the kernel density estimator of px and fis the Nadaraya-Watson

estimator of the regression function f(z) = E(Y|X = x):

e g Xd — g
pX(:E) nhl e hd 7:21 ( hl ) x x ( hd ) ’

. 1 " Xl — gt X —
_ = -1_ K2 = ox K| —2— )Y,
f(z) px () nhy - hyg ; < hy ) % 8 ( ha )

One may show that this minimization problem leads to (2.3) and (2.4). We omit the details. For a

geometric argument see also [38].
For heuristics on the asymptotics of fj, 1 < j < d, we now decompose ]?into its bias and variance

component f(z) = fA(x) + fB(x), where

A 1 - X! -2t X3 — g ;
f pAX i - K L K i 1
(x) (x) nhy---hq Z ( h1 ) % x hq €

=
P = ) ;K (K] xoie (K25 o el 4 Jata)
Denote by (74, f,..., f2) the minimizer of
(1 rveesda) = [ 1) = = fla) =+ = fala) PP () d
under the constraint (1.3), and by (4%, fZ,..., f2) the minimizer of
(5 Frvesda) = [1FP(@) == fia?) = fale) (o) o

under the constraint (1.3). Then, we obtain 1 = 4 + u?, ]?1 = flA + j?lB, .. .,fd = fj‘ + de. By
standard smoothing theory, fB(x) ~ -+ fi(xt) + -+ fa(x?) + B(x). This immediately implies that



ij(:Ej) ~ cj + fj(z7) + Bj(2?) with a random constant ¢;. Our constraint (2.8) implies that ¢; can be
chosen equal to zero. This follows by some more lengthy arguments that we omit.
For an understanding of the asymptotic result (2.7) it remains to show that

\/%(J?JA(@"U - fj(wj)> LN <07/K2(u) du U?(xj?)> . (2.11)

P (@7

To see this claim we proceed similarly as in the derivation of (2.3). Using essentially the same arguments

as there one can show that

fady = F@) -t = / Daosxer (@ 28) pa vy gk (2.12)
k#j pXJ

n i_ 2\l J_ i
] )

is the stochastic part of the marginal Nadaraya-Watson estimator f;‘(xj ). We now argue that

Dxi Xk(xj»fk) A,k k /pxj Xk($j>$k) TA/ kK k
/ D ") do XA ) e

where

The basic argument for the second approximation is that a global average of a local average behaves like

a global average, or more explicitly, consider e.g. the local average 7;(z7) = (nh;) ™' Y1 | K (X‘Jh;zj> €
This local average is of order O (n’l/ 2h-_1/ 2). For a smooth weight function w we now consider the
global average p; = [, w I (27)7j(27) dx? of the local average 7;(z7). This average is of order O, (n~1/2) =

op(n_l/thl/z) because of

po= [ w@)e) do
I

J

. n XJ —xj .
J )1 ( Cdx?
/Iv w(x?)(nh;) ;:1 K ( n; > g; dx

J
= n_lzwhj(Xj)E
i=1

with wy, (X7) = [, w(e)h; 'K (52 dw.

2.3 Smooth backfitting local linear estimator

In the additive model (1.1) the smooth backfitting local linear estimators fi, ]?1, ﬂ, e ﬁi, Jﬁd are defined

as the minimizers of the smoothed least squares criterion
n 2
[ [ a6t = Al - ah) = - gl = S - ah] 23
i=1

X! — ot X — 2

K2 ) o B[22 ) gat e dad
hl hd

under the constraint (1.3). This is a natural generalization of the local linear estimator. For the case

d =1 the minimization gives the classical local linear estimator as the minimization of (1.4) leads to the



classical Nadaraya-Watson estimator. The estimators, f;-r, 1 < j < d, are estimators of the derivatives of
the additive components f;.

The smooth backfitting local linear estimator is given as the solution of a random integral equation.
Similarly to Eq. (2.3), the tuples (f], fj) fulfill now a two-dimensional integral equation. This integral
equation can be used for the iterative calculation of the estimators. For details we refer to [37]. We only
mention the following asymptotic result from [37] for the smooth backfitting local linear estimator that

holds under appropriate conditions: for 1 < j < d

pxi(27)

e
Vb (Fa) = £ = Bi(a?)) <5 N (o, [ K2 au “’) , (2.14)
where now the asymptotic bias terms 3;(z7) are defined as
ah) = 502 |11 = [ g vl | [ du

Up to an additive norming term, the asymptotic bias of f] (27) coincides with the asymptotic bias of local
linear estimator f; in the classical nonparametric regression model Y; = fj(X,ij ) + €;. Moreover, we get
the same asymptotic distribution for both estimators (up to an additive norming term). Asymptotically
one does not lose any efficiency by not knowing the additive components f; : & # j compared to the
oracle model where these components are known. This is an asymptotic optimality result for the local
linear smooth backfitting. It achieves the same asymptotic bias and variance as in the oracle model.
As discussed above, the Nadaraya-Watson smooth backfitting estimator achieves only the asymptotic
variance of the oracle model. For an alternative implementation of local linear smooth backfitting, see

[41].

2.4 Smooth backfitting as solution of a noisy integral equation

We write the smooth backfitting estimators as solutions of an integral equation. We discuss this
briefly for Nadaraya-Watson smoothing. Put ?(;vl, ce X)) = (]?1(1“1)7 ce fd(acd))T and ?*(:1:1, ceyTq) =

(fl* (x1)y. .-, fc’l‘(xd))-r. With this notation we can rewrite (2.3) as
f(z) = (2) — / H(x, 2)f(2) dz, (2.15)

where for each value of z,z € R the integral kernel ﬁ(x,z) is a matrix with element (j, k) equal to
Pxi xx (@7, 2%)/Dxi(2?). This representation motivates an alternative algorithm. One can use a discrete
approximation of the integral equation and approximate the integral equation (2.15) by a finite linear
equation. This can be solved by standard methods of linear algebra. Eq. (2.15) can also be used as an
alternative starting point for an asymptotic analysis of the estimator f. We will come back to this in
Section 5 after having discussed further on those models in Section 3 whose estimation can be formulated

as solving an integral equation.
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2.5 Relations to classical backfitting and two-stage estimation

Smooth backfitting (2.5) is related to classical backfitting and to two-stage estimation. In the classical

backfitting, the jth step of the Ith iteration cycle (2.5) of the smooth backfitting is replaced by

n , , j—1
AT = Pra(a?)” n; >OK (Xij W ”ﬁ) -SRI - Z Aah] e
i=1 k=1 k=j+1
for 1 < j < dand 1< i < n. This iteration equation can be interpreted as a limiting case of (2.5)
where one lets the second bandwidth Ay in the definition of the kernel density estimator px; xn (27, 2F)
converge to zero.

If the backfitting algorithm runs through O(logn) cycles, the algorithm needs O(nlogn) calculation
steps. This is slightly faster than the smooth backfitting. In contrast to the smooth backfitting, the
backfitting estimator is only defined as the limit of the iterative algorithm (2.16). Note that the smooth
backfitting is explicitly defined as minimizer of the smoothed least squares criterion (1.2). The fact
that backfiitng estimators are only implicitly defined as limit of an iterative algorithm complicates the
asymptotic mathematical analysis. Note also that the algorithm runs in R™, i.e. in spaces with increasing
dimension. An asymptotic treatment of the classical backfitting can be found in [48] and [49]. [47]
illustrated by simulation that smooth backfitting, in comparison with the classical backfitting, is more
robust against degenerated designs and a large number of additive components. The reason behind
this is that the iteration equation (2.5) is a smoothed version of (2.16). The smoothing stabilizes the
“degenerated integral equation” (2.16). In [48] and [49] stronger assumptions are made on the joint
density of the covariates than are needed for the study of the smooth backfitting. This may be caused by
the same reasons, but there has been made no direct theoretical argument that supports the empirical
finding that the classical backfitting is more sensitive to degenerate designs than smooth backfitting. For
another modification of the classical backfitting that takes care of correlated covariates, see [24].

Two-stage estimation differs from smooth backfitting in several respects. First of all, only two steps
are used instead of an iterative algorithm that runs until a convergence criterion is fulfilled. Further-
more, different bandwidths are used in different steps: undersmoothing is done in the first-step, but
an optimal bandwidth is chosen in the second-step. The algorithm of two-step estimation is as simple
as that of backfitting. On the other hand, choice of the bandwidth in the first-step is rather complex.
Asymptotically, optimal choices will not affect the first order properties of the outcomes of the second-
step. But for finite samples the influence of the first-step bandwidth is not clear. The calculation of
theoretically optimal values would require a second-order optimal theory that is not available and, as
other higher-order theory, may not be accurate for small to moderate sample sizes. In particular, in
models with many nonparametric components, backfitting may be preferable because it does not require

an undersmoothing step.
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2.6 Generalized Additive Models

We now discuss nonlinear extensions of the additive models. In a generalized additive model a link
function g¢ is introduced and it is assumed that the following equation holds for the regression function
EY|Xy,...,Xq)

BY|X1,...,Xa) = g~ H{u+ fi(XY) + -+ fa(XD)}.

It has been considered that the link function is known or that it is unknown and has to be estimated.
An important example where generalized additive models make sense are models for binary responses Y.
If Y is {0, 1}-valued, the function g=! maps the additive function onto the interval [0,1]. In the gener-
alized additive model, the additive functions fi,..., fq can be estimated by smoothed least squares. An
alternative approach for heterogenous errors is a smoothed quasi-likelihood criterion. Quasi-likelihood
is motivated for regression models where the conditional variance of the errors is equal to V(u) with p
equal to the conditional expectation of Y. Here, V is a specified variance function. Quasi-likelihood co-
incides with classical likelihood if the conditional error distribution is an exponential family. It also leads
to consistent estimators if the conditional variances have another form. The quasi-likelihood criterion
Q(u,y) is defined as:

0 Y —
@Q(Hvy) V)

An early reference to quasi-likelihood approaches in additive models is [21]. For the discussion of local
linear smoothing in generalized partially linear models see also [14]. For a discussion of the asymptotics
of classical backfitting in generalized additive model, see [26]. The Smoothed Quasi-Likelihood criterion

is defined as follows: Minimize for f = (u, f1,..., fa) "
n Xl _ el Xd _ pd
SQ(f) = /ZQ(Q‘l(f’L(:E)),Yi)K L TP ) k(2T gat e
i=1 ha ha

where f*(z) = u+ fi(z!) +--- + fg(z?). Minimization of the smoothed quasi-likelihood criterion
over f results in the smoothed maximum quasi-liklihood estimator. Algorithms for the calculation of
this estimator were discussed in [57]. In that paper an asymptotic theory for this estimator was also
developed. In other applications the quasi-likelihood criterion may be replaced by other M-functionals.
We do not discuss this here. An example is quantile regression. For a discussion of backfitting and

smooth backfitting in additive quantile models, see [28].

3 Some models that are related to additive models.

In linear regression, the standard least squares method produces consistent estimators when the errors are
uncorrelated. When the errors are correlated, the method may not give consistent or efficient estimators
of the regression parameters. In the latter case it is often appropriate to take a linear transformation
of the response variable in such a way that it corrects for the correlations between the errors. Linear

transformations may be also used to remove some unobserved effects in a regression model that are
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correlated with the regressors or errors. Taking a linear transformation in parametric linear models does
not alter the linear structure of the model, so that conventional methods still work with the transformed
data. In nonparametric regression models, however, it often yields an additive model where classical
smoothing methods can not be applied, as we illustrate on several cases in this section. Some of the
models of this section were also discussed in the overview papers [31] and [44]. A general discussion of

smooth least squares in a general class of nonparametric models can also be found in [39].

3.1 Nonparametric regression with time series errors

Suppose we observe (X;,Y;) for 1 <t < T such that ¥; = f(X}) +us, where the errors u; have an AR(1)
time series structure so that e; = u; — pu;—_1 is a sequence of uncorrelated errors. The transformed model
Zi(p) =Y, — pYeo1 = f(Xy) — pf(Xi—1) + ¢ has uncorrelated errors, but has an additive structure in
the mean function. For simplicity, assume that the errors u; are independent of the covariates X;. Then,

the target function f minimizes

Qrim) = 73" E[Z(p) = m(X) + pm(X,-1)]
over m, so that it satisfies
/ [E(Z(p)| Xt = 2, Xo—1 = y) — f(z) + pf ()] [9(x) — pg(y)] fo(z,y) dxdy =0 (3.1)

for all square integrable functions g. Here fy1 denotes the joint density of (X;, X;—1) and f; is the
density of X;. The equation (3.1) holds for all square integrable functions g if and only if

f@) = £30) = [ Hylerp) 1) dy (3.2)
where
£3(0) = 3 [EG)X = ) = pE(Zp) X1 = )],
I Joa(z,y) | foaly, )
Holay) = sz[ f@ T h@ }

An empirical version of the integral equation (3.2) may be obtained by estimating fo, fo.1, E(Z:(p)| X =
) and E(Z:(p)|X¢—1 = -). Let f(-,p) denotes the solution of the latter integral equation. In case p is
known, f(, p) can be used as an estimator of f. Otherwise, the parameter p can be estimated by p that
minimizes

T 2
%Z |:Zt(p) - ]?(Xtap) + pf(Xt_17p):| ’

and then f by f: f(, p). We note that the estimator f(, p) is consistent even if the autoregressive coef-
ficient p = 1. In contrast, smoothing of the original untransformed data (Y, X;) leads to an inconsistent
estimator. We mentioned this example already in the introduction.

The above discussion may be extended to a general setting where the errors u; admit a time series

structure such that ; = Z;io ajus—; is a sequence of uncorrelated errors. In this general case, if we

13



take the transformation Z;(ag,ay,...) = Z?io a;Y;—j, then the transformed model Z;(ao,a1,...) =
Z;io a; f(Xi—;) + &, has an additive structure with uncorrelated errors. For a discussion of this general
case, see [33]. There weaker assumptions are made on the errors u;. In particular, it is not assumed that

the errors u; are independent of the covariates X;.

3.2 Nonparametric regression with repeated measurements.

Suppose that one has J repeated measurements on each of n subjects. Let (X;;,Y;;) be the jth ob-

servation on the ith subject. Write X; = (X;1,...,X;7)" and Y; = (Yj1,...,Y;;)". Assume that

(X;,Y;),i=1...,n, are i.i.d. copies of (X,Y). Consider the simple nonparametric regression model
Yij = f(Xi5) + €ij, (3.3)

where the errors ¢;; have zero conditional mean, but are allowed to be correlated within each subject.
Let €; = (€i1,...,€67)" and ¥ = cov(eg;). The kernel regression estimator based on the ordinary least
squares criterion is consistent even in this case where X is not the identity matrix. However, we may find
a better estimator which is based on a weighted least squares criterion. This is in line with parametric
linear regression with repeated measurements, where a weighted least squares estimator outperforms the
ordinary least squares estimator. A weighted least squares estimation is equivalent to taking a linear
transformation of the response and then applying the ordinary least squares criterion to the transformed
model. In contrast to the parametric case, introducing weights in the nonparametric model (3.3) leads
to a more complicated estimation problem, as is demonstrated below.

Let f(x1,...,25) = (f(x1),..., f(zs))". The regression function f at (3.3) minimizes
E{Y —m(Xy,..., X))} ' Z"HY —m(Xy,..., X))} (3.4)

over all square integrable functions m, where m(zy,...,z5) = (m(x1),...,m(xs))". Note that the
transformed response vector »/2Y admits an additive model and the variance of the transformed

error vector £~ /2% equals the identity matrix. The minimizer f satisfies

S GRELY; - £(X))]g(Xk) =

1 k=1

Mk

J
for all square integrable functions g, where 0/* denotes the (j, k)th entry of the matrix > 1. This gives

the following integral equation for f;

f@%ﬁﬂ@f/ﬂm@ﬂ@W, (3.5)

where
[ - 17"y '
Fr@)y= > o"pi@)| DD FEMIX; = )p;(x),
j=1 | i=te=t
17"y
H(z,z) = Za” ZZUJ pik(x, 2)
i=1 kA




Here, p; and pji, denote the densities of X; and (X, X}), respectively. The quantities f*, p; and p;i can
be estimated by the standard kernel smoothing techniques. Plugging these into (3.5) gives an integral
equation for estimating f.

One may apply other weighting schemes replacing 7' at (3.4) by a weight matrix W. It can be
shown the choice W = 27! leads to an estimator with the minimal variance, see [4] for details. The
foregoing weighted least squares regression may be extended to the additive regression model Y;; =
ZdD=1 fd(X;ij) + €;; with covariates X;; = (X}, .. ,Xi?)T. Details are also given in [4].

ij0

3.3 Panels with individual effects

Suppose we have panel data (X;;,Y;;) fori=1,...,nand j=1,...,J. We assume that

Yij = f(Xi5) + i + €3, (3.6)

where «; are the unobserved random or nonrandom individual effects that are invariant over time j, and
€;; are errors such that F(e;;|X;1,...,X;7) = 0. The individual effect ; can be uncorrelated or correlated
with the regressors X;1,...,X;; and the error variables ¢;;. If E(a;|X;1,...,X,;s) = 0, then the model
reduces to the model considered in Subsection 3.2. An interesting case is when the individual effect is
correlated with the regressors so that E(a;|X;1,...,X;s) # 0. In this case, the ordinary nonparametric
kernel regression fails to obtain a consistent estimator. Recall that the latter is also the case with
parametric linear regression.

Here again, we may use a simple linear transformation to remove the unobserved individual effect

from the regression model. Let Z; = Z‘.I a;Y;; for some constants a; such that E;-le aj = 0. Examples

J=1
include
(i) ar=-=ap-2=0,ar1=—-1,a,=1,a541 =---=ay =0 for some 1 < k < J;
(i) ay=-=ap1=—J Hay=1-J 1  ap1=--=a;=—-J L forsome 1 <k<J.

For the transformed response variables Z;, we obtain

J
Zi= Zajf(Xij) + ui, (3.7)

j=1
where u; = ijl aje;; has zero conditional mean given X;q,...,X;;. Let Z and X; denote the generics

of Z; and X;;, respectively. Since f minimizes the squared error risk E[Z — E;‘]:I a;m(X;)]? over m, it

satisfies
E|Z - Zajf Za]g (3.8)

for all square integrable functions g. The equation (3.8) is equivalent to

J J
/ Zaj (Z1X; = z)pj(z ZZ o Ef(Xk)|X; = z]p(x Z ? (x)dz =0,
pciary =

j=1
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where p; and pj;, denote the density of X; and (X, X}), respectively. This gives the following integral

equation
f(z) — /H(x,z)f(z) dz, (3.9)
where
[ 17"
[H(z) = Z%zpj(ﬂf) Z%‘E(Z\Xj = z)p;(z),

[ J J
H(xz,z) = Za?pj(x) ZZajakpjk(a:,z).

J=1 k#j

As in the additive regression model we need a norming condition for identification of f in the
transformed model (3.7). The reason is that in the transformed model we have ijl a; f(Xs5) =
Z;-]:l ajlc+ f(X;;)] for any constant ¢ since ijl a; = 0. We may also see this from the integral equation
(3.9) since [H(x,z)dz = —1. For a norming condition, we may define «; such that E(Y;;) = Ef(X;;).
This motivates the normalizing constraint

12/}‘ x)pj(x x)de =n"1J" IZZYW
i=1 j=1
for an estimator fof f-

The differencing technique we have discussed above may also be applied to a more general setting that
allows for discrete response variables. For example, consider a binary response model where each of the n
subjects has matched observations (X;;,Y;;) such that the responses Y;;, conditionally on the regressors
Xi1,...,X;s and the individual effect «;, are independent across j and have Bernoulli distributions with
success probabilities p(X;;, o;), respectively. Assume that

p(Xij, i)
1 —p(Xij, o)
and consider the case where J = 2 for simplicity. Let Z; = I(Y;; = 1) and N; = Yj; + Y3, where I

log { } = f(Xij) + oy

denotes the indicator function. Then, it can be shown that

1 E(Z;| X1, X2, N; = 1)
— E(Z;| X1, X2, N; = 1)

} — f(Xu) — f(Xa). (3.10)

This follows from the equation
E [p(Xi1, i) (1 — p(Xiz, )| Xi1, Xiz]
E [p(Xi, a:)(1 = p(Xiz, a;)) 4 p(Xiz, ai) (1 — p(Xi1, a3))| Xin, Xiz]

E(Zi| X1, Xi2, Ny =1) =

and the fact that

p(Xi1, i) [1 — p(Xiz, ;)] __exp[f(Xa) — f(Xi2)]
p(Xir, i) [1 — p(Xiz, ai)] + p(Xiz, i) [L — p(Xi1, )] 1+ exp[f(Xi) — f(Xi2)]

does not involve «;.

Let Z, X;, Y; denote the generics for Z;, X;j;, Yi;

ij» Yij, respectively. The function f in the transformed

model (3.10) maximizes the expected log-likelihood, so that it satisfies

EI(N =1)[Z —n(X1, X2; )] [9(X1) — 9(X2)] = 0
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for all square integrable function g, where

) = exp[m(ﬂf) - m(y)]
n(z, y;m) = 1+ exp[m(z) — m(y)]

It can be shown that f satisfies F/(f) = 0, where F' is a nonlinear operator defined by
F(m)(z) = E[I(N =1)(Z — n(X1, X2;m))| X1 = 2| p1(a)—E [I(N = 1)(Z — n(X1, Xa;m))| X2 = 2] pa2()

and p; denotes the density of X;, j = 1,2. Here, we also need a norming condition for identifiability of f.
The integral equation F(m) = 0 is nonlinear, but it can be linearized in the same way as the nonlinear
equation in Section 2. The linear approximation basically puts the problem back to the framework for
the model (3.6). To detail this, define 71 (z,y;m) = [1 + exp(m(x) — m(y))] 72, let fI% be an a function
f1% close to f. Note that F(m) ~ F(f%) + Fy(fI%)(m — f1) where F;(f[?)) is a linear operator and
F1(f%)(g) denotes the Fréchet differential of F at f[ with increment g. Put § = f — f% and
Ho(x,y) = E[I(N =1)|X1 = 2, X5 = y] i (z,y; f7)p12(2,y)
+ EI(N = 1)|X1 =y, Xo = 2] m(y, ; [)pia(y, ),

where pio denotes the density of (X1, X5). Then, the approximating linear integral equation F(f) +
Fi (%)) () = 0 is equivalent to

S(a) = 8"(a) = [ Hiz,)3(w) (3.11)
where
(@)= | [ Halo.n) RO @),
H(z,y) = — [/ Ho(z, 2) dz} - Ho(z,y).

We may estimate F' and Hy by kernel methods. Plugging the estimators F and ﬁo into (3.11) gives
an integral equation for the update f[ll of the starting estimator f[o]. The statistical properties of the
resulting backfitting algorithm and the limit of the algorithm f which satisfies F° (f) = 0 have been
studied by [23].

3.4 Additive models for panels of time series and factor models

Similar to (3.6), one can consider models with an unobserved time effect 7, instead of an individual effect.
We now denote time by t. Suppose that we have panel data (X}, ..., X4 Y};) for individuals 1 <i <n

and time points 1 < 7. We assume that
d .
Yit = ij(XZt) + Nt + Eit- (312)
j=1

This model naturally generalizes linear panel data models. It has been studied in [43] for two asymptotic

frameworks: n — oo, T fixed and n,T — oco. Their asymptotic analysis includes the case where {Xft},
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j =1,...,p, are time lagged values of Y;;. No assumptions are made on the unobserved temporary
effects n;. They may be deterministic or random, and they may be correlated with covariates or error
terms. The basic idea of [43] is to use difference schemes that cancel out the time effects n;, simliar to
the approaches in the last subsection that cancel out individual effects. Here, the values n; are nuissance
parameters.

In [35] also the model (3.12) is considered, but the statistical aim there is inference on the structure of
7. 1t is assumed that 7, is a random process following a parametric specification. A two-step procedure is
proposed where the process 7 is fitted in the first-step. In their mathematics they compare parametric
inference based on the fitted values of 7; with an infeasible statistical inference that is based on the
unobserved 7;. The main result is that these two approaches are asymptotically equivalent. This can be
interpreted as an oracle property and it can be used to construct efficient estimators of the parameters.

Another modification of model (3.12) is the factor model

d
Yu =mo(Xf) + > Zim;(X]) +eu (3.13)
j=1
forl =1,..., L. Here, the dynamics of the L-dimensional process Y; is approximated by the unobserved

d-dimensional time series Z;. The basic idea is that elements Y of Y; with similar characteristics
(thl : 1 < j < d) show similar dynamics and that the dynamics of Y; can be accurately modeled by
choices of d that are much smaller than L. This model has been applied in [8] to the analysis of stock
returns Yy with characteristics (thl :1 < j <d). Again, a two-step procedure is proposed where in
the first-step the unobserved process Z; is fitted. Also, an oracle property applies: inference based on
estimates Z of Z; is asymptotically equivalent to infeasible inference based on the unobserved Z;.
In [18] and [51] the following model has been considered
d
Yiu = mo(Xyu) + Z Zlmi(Xu) + eu.
j=1
This model differs from (3.13) because now the nonparametric components m; are functions of a single
characteristic X3;. As a result, the multivariate time series Z; is only identified up to linear transfor-
mations. Again, an oracle property for parametric inference based on fitted values has been shown in
[51]. The model has been used in functional principal component analysis. One application in [18] and
[51] is for implied volatility surfaces that develop over time. The surfaces are approximated by a finite-
dimensional process and the random movement of the surfaces is then analyzed by a VAR representation

of the finite-dimensional process.

3.5 Semiparametric GARCH models

Another example that leads to an additive model is a semiparametric GARCH model. In this model we
observe a process Y; such that E(Y;|Fi—1) = 0, where F;_; denotes the sigma field generated by the

entire past history of the Y process, and o2 = E(Y;?|F;_1) assumes a semiparametric model

07 =007 + [(Yio). (3.14)
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This model is a natural generalization of the GARCH(1,1) model of [1] where a parametric assumption is
made on f such that f(z) = a+px. The generalization was introduced by [13] to allow for more flexibility
in the ‘news impact curve’, i.e., the function f, which measures the effect of news onto volatilities in
financial markets.

The parameters 6 and the function f in the semiparametric model (3.14) are unknown. Since

E(Y?|Fi-1) = 2252, 0771 f(Yi—), the parameter 0 and the function f(-,6) together minimize E[Y —

Z;o L0771 f(X_;)]?. For each 6, let fy denote the minimizer of the criterion. Then, it satisfies
o0 oo o0
2D PR, =D E[Yg(r-
j=1k=1 Jj=1

for all square integrable functions g. This gives the following integral equation.

fol@) = f3(x) / Ho(z,y) foly) dy, (3.15)

where
fi(@) = (=093 0BGV, =2),
j=1

Ho(w,y) = Zeﬂ {p("](z Z)Oj)p‘”(x AN

j=1
po and po ; are the densities of Yj and (Yp,Y;), respectively. For an asymptotic and empirical analysis
of the estimators based on the integral equation (3.15), we refer to [32]. For a recent extension of the

model, see also [5].

3.6 Varying coefficient models

Suppose we are given a group of covariates X',..., X? and a response Y. The most general form of

varying coefficient model was introduced and studied by [30]. It is given by

BY|IX', . XY =g [ DX (XN 4+ ) X (xP) | (3.16)

kel kel,

where g is a link function and p < d. The index sets I; may intersect with each other, but each I; does not
include j. It is also allowed that the two groups of covariates, {X7 : 1 < j < p} and {X* : k € U?lej}
may have common variables. The coefficient functions are identifiable if we put the following constraints:
for nonnegative weight functions wj, (i) [ fx;(z7)w;(z7)dz? =0 for all k € W_, I and 1 < j < p; (ii)
J @ frj(@)w;j(?) da? = 0 for all j,k € {1,...,p} N (U)_,I;). Tn this model, the effect of the covariate
X* for k € UY_,I; is set in a nonparametric way as 21,5k J1i(X7). The model is flexible enough
to include various types of varying coefficient models as special cases. For example, it is specialized to
the generalized additive model discussed in Section 2.6 if one takes I; = --- = I, = {p + 1} and set
XP+l = 1. The model also reduces to the varying coefficient model studied by [29] and [56] if the two
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groups, {X7 :1<j <p}and {X*: k¢ U_11;}, are disjoint and the sets I; contain only one element

(1 <j <p). In this case one can rewrite model (3.16) as
p . .
Yi=g | D Z (X)) | +e
j=1

With an identity link g and with the additional constraint f; = f, this model has been used in [34] for
nonparametric estimation of yield curves by smoothed least-squares. There, Y; was the trading price of a
coupon bond, Zf denotes the payment returned to the owner of bond i at date X f and f is the discount
function. In case p = 1 and I; = {2,...,d}, the approach with disjoint sets of covariates results in the
model studied, for example, by [17].

For simplicity, suppose that the link g is the identity function. In this case, the coefficient functions
fk; minimize E [Y — Yoken X fr (X)) = = e kakp(Xp)} ° This gives the following system of

integral equations for fi;: for 1 < j < p,
f;(2) = B(X;X] | X/ =2/ ) ' BE(X;Y[X) =27) - B(X;X] | X7 =a7)7!

L A , (il
< 3 /E (XX [ X7 =2, X! = 2] ()2 ) gt
I=1,#j P;(27)
=1#j
where X; = (X* : k € I;) and f; = (fx; : k € I;). Note that X; does not contain X7 as its entry. To
get an empirical version of the above integral equations, one may replace the conditional expectations,
the joint density p;; of (X7, X!) and the marginal density p; of X7, by kernel estimators. [30] presented
complete theory for the estimation of the general model (3.16). Their theory includes sieve and penalized

quasi-likelihood estimation as well as the smooth backfitting method described above.

3.7 Missing observations

Additive models can also be consistently estimated if the tuples (Y;, X}, ..., X&) are only partially ob-
served. We will discuss this for the following simple scheme of missing observations.

Denote

- by N the set of indices  where X7 and X are observed,
- by N the set of indices ¢ where Xij is observed,
- by Noj the set of indices i where Xij and Y; are observed, and

- by Np the set of indices i where Y; is observed.

These sets may be random or nonrandom. We denote the number of elements of these sets by Nj,
Nj, Noj or No, respectively. We assume that the observations {(X7, XF) : i € Nj,}, {X] i € Nj},
{(Xij, Y:) i€ Ny;} and {Y; : i € Ny} are i.i.d. This assumption holds under simple random missingness
schemes and also in the case of pooling samples where different subsets of covariates were observed.
Then, under the assumption that Nj;, — 0o, N;j — 0o, Ng; — oo and Ny — o0, the estimators of

PxXi Xky DX fj* and p that are based on the subsamples Ny, N, Ny; or Ny, respectively, are consistent.
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More precisely, for 1 < j # k < d, put

; 1 X/ — i XF — gk
Pxixr(a?,ab) = ——— K|————|K (1>,
Nchihy, ie%k h; I
IO 1 X — i
Pxi(2?) = K| ——,
Njh; Zezj\;] h;

~ ) 1 XI g
fr@l) = Pxiad)™ S K () Yi,
Nojh; N h;

72}/

1ENO

=
Il

Under appropriate conditions on the bandwidths h; these estimators converge to px; xx (27, 2%), pxs(27),
I3 (27) and p, respectively, in probability. Similarly as in Eq. (2.2), we consider the solutions Fioeeis fa
of the equations

rs i XJ X k )

Bl =Fa) —fi- Y [P ) ok,

k#j pxi(z

Using the stochastic convergence of pxi x« (27, z%), pxi(z7), ]A‘;’-k(:nj) and f, one can show that E(l‘])
converges in probability to f;j(z7) for 1 < j < d. These consistency proofs can be generalized to
more complex missingness schemes. Furthermore, under appropriate conditions one can study normal

distribution limits of these estimators. We remark that these identification, consistency and asymptotic

normality results are not available for the full-dimensional model specification: Y = f(X*',..., X%) +¢.

3.8 Additive diffusion models

Some multivariate diffusion models are based on additive parametric specifications of the mean. Nonpara-
metric generalizations of such models were considered in [19]. There also nonparametric specifications

of the volatility term were considered.

3.9 Simultaneous nonparametric equation models

Additive models also naturally occur in economic models, where some covariates are correlated with the
disturbance. Despite these so-called endogenous regressors, such models can be identified via a control

function approach. In particular, [46] proposed the following model with additive error terms
Y =f(X' 2" +e,

where X! and Z! are observed covariates and Y is a one-dimensional response. While Z! is independent
of the error variable e, no assumptions are made on the dependence between X' and e at this stage. For

identification, however, assume that the following control equation holds for the endogenous variable X*

X' =n(Z",2%) +V,
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where Z? is an observed covariate not contained in the original equation and (Z!, Z?) is independent of
the joint vector of errors (e, V).

Under the stated independence conditions, it follows that
BEY|Xx'Y,Z', 7% = (X', ZHY + \V) = E[Y|X*, 2, V] (3.17)

with A(V) = E(e|V). Thus, we get an additive model where the regressor in the second additive
component is not observed but can be estimated as residual of the control equation. This additive model
can be also obtained under slightly weaker conditions than the above independence conditions, namely
under the assumption that E(e|Z',Z% V) = E(e|V) and E(V|Z',Z?) = 0. The corresponding system

of integral equations to be solved for (3.17) is
2

Fh) = et - [P,

Px.,z, (l'17 22)

)\(U) _ )\*(v) _/thZz;;((f))az )U) f(:r:l,zz)d(xl,zQ)

where f*(z1,2%) = E[Y (X!, Z1) = (2, 2%)] and A\*(v) = E(Y|V = v). Note that some ingredients of the
smooth backfitting iteration algorithm thus require nonparametric pre-estimates of marginal objects with
the nonparametrically generated regressor V = X1 — h(Z!, Z2). The paper [42] studies how asymptotic

theory in nonparametric models has to be adjusted to take care of nonparametrically generated regressors.

4 Nonstationary observations

Additive models are a powerful tool in case of stochastically nonstationary covariates. For this data
generality, consistent estimation of a fully nonparametric model requires that the whole compound vector
fulfills a specific recurrence condition, i.e. it has to be guaranteed that the full dimensional process X
returns infinitely often to local neighborhoods. For an additive model, however, recurrence conditions
are only needed for two-dimensional subvectors of X. An illustrative example is a multivariate random
walk. A fully nonparametric model cannot be consistently estimated for dimensions greater two, since
beyond dimension two random walks become transient and do not fulfill the above recurrence property.
For an additive model, however, there is no dimension restriction, as any pair of bivariate random
walks is recurrent. Here we briefly outline the main ideas. The detailed theory of additive models for
nonstationary covariates is developed in [53].

The setting is as follows: Suppose we want to estimate a standard additive model (1.1) where co-
variates and response are potentially nonstationary Markov chains but satisfy a pairwise recurrence
condition, and the residual is stationary mixing. Instead of a stationary data generating process den-
sity function, a nonstationary pairwise recurrent Markov chain can be characterized by the densities
of pairwise bivariate invariant measures m,; with j, k € {1,...,d}. For the specific kind of recurrence
imposed, it is guaranteed that such a bivariate invariant measure exists for each pair and is unique up to
a multiplicative constant; but it is generally only finite on so-called small sets and only o-finite on the

full support. Note that e.g., for random walks any compact set is small.
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Furthermore, under the type of pairwise recurrence imposed, bivariate component Markov chains
(X7, X*) = (X7*) can be decomposed into i.i.d. parts of random length depending on the recurrence
times of the chain. In particular, the stochastic number of recurrence times T7%(n) characterizes the
amount of i.i.d. block observations and thus corresponds to the effective sample size available for inference
with the particular pair of components. Thus for different components and pairs of components available
effective sample sizes are path dependent and generally vary depending on the recurrence frequency being
smaller for more nonstationary processes and closer to the stationary deterministic full sample size n for

more stationary processes. Correspondingly, consistent kernel type estimators are weighted averages of

T7%(n) i.i.d. block elements

, 1 Xk _ qik
~ Jjky — E )
(@) Tik(n) . r ( Rk ) 7

lEIjk
. (4.1)
X! — i X —
fi(a?) = ZK( 3 ) ZK( hj ) g
i€l; S
~(k) gy _ 1 Xij—wj
T (2) T7%(n) Z K( hj ’
ZGIjk
(4.2)
J _ j —xJ
i€l i€l

The estimators in (4.1) provide pointwise consistent estimates of the corresponding bivariate invari-
ant measure density 7,5 and a general nonparametric link function f;, respectively (see [27]). Their
rates of convergence are driven by respective recurrence frequencies and occupation times Ejk(:cjk) =
Yie i K ik pir (Xijk) and fj, respectively, which are generally of different order on average over all
sample paths. Asymptotically in both cases, they are on average of size (nﬂjkh)_l/ 2 and (n'Bj h)_l/ 2,
respectively, where the global 37%-parameter € [0, 1] characterizes the underlying type of nonstationarity
of the corresponding recurrent chain as the tail index on the distribution of recurrence times. For a
bivariate random walk we have 7% = 0, for a stationary process 4% = 1 recovering standard rates,
and generally 3% < 7. The kernel estimators in (4.2) artificially “downgrade” their univariate speed of
convergence to the respective bivariate one. Note that the index sets I;; ensure that only T79%(n) i.i.d.
sub-blocks are considered of the T7(n) original ones.

For balancing terms in the empirical version of the smooth backfitting integral equations, such po-

tentially slower than standard estimators %J(»k), 7?%“) and f}k)

of bivariate nonstationary type 7% are
necessary. Also in the backfitting operator for component j, the impact of other directions on any pair
of components containing X7 might now differ depending on respective occupation times of component
pairs. Both aspects are reflected by a respectively generalized procedure ensuring consistent estimates.

The generalized smooth backfitting estimates (f;)?:l are defined as

k#j k#j Jk I#j
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where f;k)*(mj ) are the marginal local constant estimates with bivariate speed of convergence as defined

above and constants

e _ o, B @R @) dad
0,7 —

Tjk Z Y;, (4.4)

ROV
fgj 7T§ )(1‘]) dx’ Z€I7k

which follow from appropriate analogues of the standard norming constraints

Z f] (a7)mi™ (27) da? = 0. (4.5)
k#j

Note that asymptotically in the projection part of (4.3) only those elements 7;; prevail, where 37 L= pik
while all others vanish. The projection property of standard backfitting only prevails in a generalized
sense, since in general an invariant measure for the full-dimensional compound process does not exist
for pairwise recurrent X. For each j and k, Xj , counts the number of such elements in the sample. In
a nonstationary setting also the regions of integration G; must be chosen with some care to ensure that
integrals exist. Related to small sets, e.g., in a random walk case compact areas are appropriate. If all
pairs of components of X have the same type of nonstationarity, the backfitting equations reduce to
ik
A = g 2 (5076~ 157) - X [ Aah 2T e
k#j k#j T

since A\jr = d — 1 and 7?5-?) = 7j; in this case. In particular, for the special case of identical one- and
two-dimensional scales, generalized smooth backfitting reduces to the standard case. This usually occurs
for sufficiently stationary data.

Asymptotic results for the generalized backfitting are univariate in form, i.e, the standard curse
of dimensionality can be circumvented. However, they are driven by the worst case bivariate type of
nonstationarity in the data. In particular, the difference between the true component function f; and

the backfitting estimate fj is asymptotically normal when inflated with the stochastic occupation time

factor \/ ming; fgk) (xd)h. As E;k) is asymptotically of the same order as 77%(n), the rate of convergence
is on average of size W, where 877 is the highest degree of nonstationarity and thus the smallest
number among the 7%, and € > 0 is very small. That means, if all components are random walks, i.e.
(9% = 0, estimation of each component is possible, but with logarithmic rate. This should be compared
to the fact that a fully nonparametric model cannot be estimated in this case where the compound vector

is transient. If one component X7 follows a random walk and all others are stationary, all components

are estimated at rate VnPioh = Vnl/2h.

5 Noisy fredholm integral equations of second kind

As outlined in Subsection 2.4, we can define the smooth backfitting estimators in the additive models as
solutions of an integral equation?( )= f* )—/ H (z, 2) ( ) dz, where ?(xl, ce,Tg) = (j?l(xl), e fd(xd))—r,

(21, ... ma) = (i (21), ..., f;(md))—'— and the integral kernel H(z, z) equals to a matrix with elements
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Pxi xn (27, 2%)/Dxi(27). We also rewrite this noisy integral equation as

A~

f =1 — Hf.

In Section 3 we have also seen that smooth least squares for various models leads to estimators that are
given as solutions of such noisy integral equations. There are several approaches to the numerical solution
of the integral equation. As already mentioned in Subsection 2.4, one can use a discrete approximation
of the integral equation for the numerical solution. This results in a finite system of linear equations
that can be solved by standard methods. One approach would be based on a iterative scheme that uses

a discrete approximation of the iteration steps:

FNEW _§x _ gfOLD.

If T is a d-dimensional vector of functions with d > 2, one can also use an iteration scheme that runs

cyclically through component-wise updates
FNEW — Fr 0P 1< j<d

with an obvious definition of ’f-Zj. This was the algorithm we discussed in Subsection 2.1. Compare also
the Gauss-Seidel method and the Jacobi method in numerical linear algebra.

We now use the definition of the estimators by a noisy integral equation for an asymptotic under-
standing of the distributional properties of the estimators. We consider the case of one-dimensional f
and F* and we rewrite the equation as j?: j?* — ﬁf We now suppose that f* is a smoothing estimator
with

FreFav f+ 1o
where ]?Z is the stochastic part of f* that is of order (nh)~'/2. The function f* is the stochastic limit
of f* and fj is a bias term that we suppose to be of the standard order h%. Here, h is a bandwidth
that is chosen of order n~'/® so that the stochastic term and the bias term are of order n=2/5. A similar
discussion applies to H f. This variable has stochastic limit H f where H is the stochastic limit of H. We
now get
H ~ (Hf)a+HS+ (Hf)z,

where (7Lf) 4 is the stochastic part of 7Lf. Again this term is of order (nh)~1/2. Although % is a higher
dimensional smoother, all variables up to one are integrated out in H f. Furthermore, (Hf)p is a bias

term that is of order h%. By subtracting f = f* — Hf from f: f* — 7?[]? we get

~

f=f = F—fr-Hi+Hus
= = -HT-F-H-HFf-H-H( -]
P =Hf-f)—FH-H)T

Q

Now, simple algebra gives

~

f=r

%

I+H) I~ f—(H-H)F)
(I+H) " (fa+ fh— (H)a— (Hf)B).

Q
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We now argue that (I—I—H)_lf}g ~ ]?Z and (I+H)~? (ﬁf)A ~ (ﬁf)A. These claims follow immediately
from (I +H)™ =1- I+ H)'H, ’HJ/C;*‘ ~ 0 and H(Hf)a ~ 0. Here, the first equality can be
easily seen by multiplying both sides of the equation with (I + #). For the two approximations one
notes that the integral over an interval of the stochastic part of a kernel smoother is typically of order
n~1/2. For example, one has [w(x)n 131" | Kp(z — Xi)e; do = n™t 30 wi(X;)e; with wy(u) =

Jw(z)Kp(x — u) dr, which is of order n~/2. Using the above approximations we get that
(I +H) " (Fa+ iy = (HF)a— (H))

= [hi—(HHa— T +H)H(Fa— (H)a) + T +H) (5~ (Hf)B)
Fi—HPa+T+H) 5~ (HE)B)

F—f

Q

Q

The expressions on the right hand side of this expansion can be easily interpreted. The first term
fjl — (Hf)a4 is of order (nh)~'/2 and asymptotically normal with mean zero. This can be shown as in
classical kernel smoothing theory. The second term (I +H)~!(f}; — (Hf)p) is purely deterministic and
it is of order h? because already fj — (Hf)p is of this order. For a more detailed discussion of the above
arguments we refer to [43] and [44].

We conclude this section by noting that the above noisy integral equations are quite different from

the case that estimators are given by integral equations of the form
0=f*—#f.

This is called an ill-posed inverse problem because, typically, the eigenvalues of the operator H accumulate
at 0. For this reason the inverse of the operator # is not continuous. The integral equation studied in
this chapter leads to the inversion of the operator (I + 7—7) The eigenvalues of this operator accumulate
around 1 and allow for a continuous inverse of (I + ’f-Z) Thus our set-up is quite different from ill-posed

problems. For a discussion of ill-posed problems we refer to [3], [7], [9], [10], [12], [25] and [45].
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